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Abstract

This paper presents the results of a systematic study of the
singular configurations of 3-DOF planar parallel mecha-
nisms with three identical serial chains. Only prismatic and
revolute kinematic pairs are considered. From the point of
view of singularity analysis, there are ten different architec-
tures. All of them are examined; the nature of all possible
singular configurations are discussed and the singularity loci
for a constant orientation of the mobile platform are found.
For some architectures, simplified designs with easy to de-
termine singularities are proposed.

1. Introduction

Singularity analysis of only several 3-DOF planar parallel
mechanisms (PPMs) with three identical serial chains have
been presented in the literature [1-3]. Furthermore, no sys-
tematic analysis of all possible architectures has ever been
discussed. Although some of those architectures are un-
likely to be used in practice, such a detailed study brings
an insight into the kinematics of PPMs. It also points out
several novel architectures with valuable properties.
To describe the various types of serial chains, we will de-
note a revolute joint byR and a prismatic joint byP. When
a joint is actuated, its corresponding symbol will be under-
lined. Since we are interested only in 3-DOF fully-parallel
mechanisms, each serial chain will be composed of two pas-
sive and one actuated joints and will be denoted by a se-
quence of three symbols starting from the base joint.
There are 21 3-DOF serial chains in total (Table 1). Three
of them (marked with×) cannot be used in our PPMs since
they lead to mechanisms with only one controllable DOF.
There are also eight pairs of symmetrical chains, where each
pair leads to two PPMs that are kinematically equivalent.
Therefore, we can eliminate eight more chains (the ones
marked with∼) which leaves us with only ten architectures
to examine. The latter are presented on Fig. 1 with the nota-
tion assigned to each architecture.

RRR RPR RPP× PRR PRP PPR RRP
RRR RPR RPP PRR PRP× PPR∼ RRP∼

RRR∼ RPR∼ RPP∼ PRR∼ PRP∼ PPR× RRP∼

Table 1: All possible serial chains

2. Singularity Analysis of the Ten Architectures

The singular configurations of parallel mechanisms can gen-
erally be described by the degeneracies of the corresponding
velocity equation which is of the form

Jqq̇ + JΘΘ̇ = 0, (1)
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Figure 1: The basic 3-DOF planar parallel mechanisms with
identical serial chains

whereq = [x, y, φ]T is the vector ofgeneralized coordi-
natesdefining the pose of the mobile platform,Θ is the vec-
tor of input coordinates, whileJq andJΘ are3×3 Jacobian
matrices. Two main types of singularities are defined in [4]:
Type I whendetJΘ = 0 and Type II whendetJq = 0.
However, the study of the singularities of a parallel mecha-
nism is not completed solely with the study of the two latter
matrices. Indeed, it was noted in [5] that the above equation
is always necessary but not always sufficient to describe the
instantaneous motion of a parallel mechanism.
The conventional process of deriving eq. 1 consists in dif-
ferentiating the inverse kinematics equation. Generally, the
process is tedious and leads to possible parametrization er-
rors. A much better approach is the use of reciprocal screws.
They provide a better geometrical insight into the problem
and allow the description of additional types of singularities
[5]. Once the reciprocal screws are found for a given de-
sign, the two Jacobian matrices can be obtained directly in
coordinate-invariant form.

3-RPR PPMs A detailed study of this popular architecture
has already been published [1]. The reciprocal screws are
the line vectors passing through theR joints in each chain.
Type II singularities occur when the three screw axes inter-
sect or are parallel. For a constant orientation (CO) of the
platform, the singularity loci form a quadratic curve. For
some designs (with congruent base and platform), there is
an orientation at which the PPM is singular for any position.
When the twoR joints of a serial chain coincide, there is a
Type I singularity. It is important to note that in this singu-
larity, there are two linearly independent reciprocal screws
for the degenerate serial chain. This singularity allows an
uncontrollable passive motion (RPM type) and the three in-
put velocities cannot be chosen independently (II type) [5].



3-RPR PPMs The reciprocal screws are the line vectors
passing through the platformR joints and normal to the di-
rection of the correspondingP joints. Again, the Type II sin-
gularity loci for a CO form a quadratic curve. Type I singu-
larities occur for the same configurations as in 3-RPRPPMs.
However, these are generic Type I singularities, where the
input velocities are indeterminate.

3-RRR PPMs The reciprocal screws for this architecture
are the line vectors passing through the passiveR joints in
a serial chain. Hence, its Type II singularity loci are the
same as for 3-RPR PPMs. Type I singularities occur, how-
ever, when the proximal and distal link in a serial chain are
aligned. Therefore, the corresponding singularity loci for
a CO are pairs of concentric circles. When the links are
of equal lengths, we also have a singularity of the same
class (RPM, II, IO [5]) as in 3-RPR PPMs. A major dif-
ference, however, is that 3-RRR PPMs have 8 branch sets,
even though, they all lead to exactly the same singularities.

3-RRR PPMs The line vectors for this architecture are
along the distal links (the ones closer to the platform). They
have the same Type I singularities as 3-RRR PPMs. How-
ever, a recent detailed study of their Type II singularity loci
[2] found that they are represented by curves of degree 42.
Note that these singularity loci for a CO for a single branch
set are represented by a non-polynomial equation, and that
the polynomial of degree 42 corresponds to the singularities
for all 8 branch sets. The simplified design of a 3-RRRPPMs
is obtained when two of the platformR joints coincide. The
Type II singularity loci of such a mechanism reduce to four
circles and one sextic and can be determined geometrically.

3-PRR PPMs The kinematic properties of this architecture
are similar to those of 3-RRR PPMs. Type I singularities
occur when a distal link is normal to its connecting proximal
link. The Type II singularity loci for a CO form a curve of
degree 20 and correspond, as in 3-RRRPPMs, to all branch
sets. Similarly, the simplified design is obtained when two
platform R joints coincide, which leads to singularity loci
represented by two lines, two circles, and an ellipse.

3-PRR PPMs The reciprocal screws for this architecture
are the line vectors passing through the platformR joints
and normal to the directions of the correspondingP joints.
For a CO, the configuration of the three line vectors is fixed,
and hence the Type II singularities do not depend on the po-
sition of the platform. In fact, there is only one orientation at
which the PPM is in a singularity. Similarly to 3-RRRPPMs,
the choice of branch set does not influence the singularities.
The Type I singularities are the same as for 3-PRRPPMs.

3-RPPand 3-RPP PPMs The kinematic properties of both
architectures are the same. The reciprocal screw for each
serial chain is a line vector passing through theR joint and
normal to the passiveP joint. Since the directions of the pas-
sive joints are defined by the orientation of the platform, the
Type II singularities do not depend on the platform position.
In fact, there is only one orientation at which the PPM is in
a singularity. There are no Type I singularities.

3-RRP PPMs The reciprocal screws are the line vectors
passing through the passiveR joints and normal to the cor-
respondingP joints. This is another PPM with 8 branch sets
that all lead to different singularities. The Type II singular-
ity loci for all branch sets are represented by a polynomial
of degree 6. Type I singularities occur when a proximal link
is normal to the direction of the correspondingP joint. An
interesting simplified design may be obtained by construct-
ing two of theP joints to be parallel, while setting the third
one, e.g., normal to them. In that case, it is easy to see that
the only Type II singular configuration will occur when the
passiveR joints of the first two serial chains coincide.

3-PRP PPMs A design of this type was proposed in [3],
known under the namedouble-triangular manipulator. The
reciprocal screws are the line vectors passing through theR
joints and normal to the directions of the passiveP joints.
Type I singularities occur when the directions of bothP
joints in a serial chain coincide. In general, the singularity
loci for a CO are represented by a line. However, for designs
such as the double-triangular PPM for which the angles be-
tween the directions of theP joints for all three chains are
equal, the Type II singularities do not depend on the plat-
form position. For such designs, there are four orientations
at which the PPM is singular. In addition, there is another
orientation at which all serial chains are singular. It is in-
teresting to note that, once in such a Type I singularity, the
mobile platform becomes blocked.

3. Conclusion

The basic results of an exhaustive study on the singularities
of 3-DOF PPMs were presented. The compact presentation
was possible mainly due to the use of reciprocal screws.
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