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1. Introduction

This paper presents the two-DOF (degree-of-
freedom) loss velocity-degenerate configurations of
the 7-jointed spherical-revolute-spherical manipulator.
The degeneracies are found using the reciprocity-based
method of Nokleby and Podhorodeski outlined in [1].

The D & H parameters [2] for the spherical-revolute-
spherical manipulator are presented in Table 1. Figure
1 shows the layout of the manipulator.

Table 1: D & H Parameters
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Figure 1: Manipulator Layout

Choosing a reference frame that is located at the in-
tersection of the wrist spherical group and oriented with
Zrey in the direction of $5 and y,.s in the opposite di-
rection to that of $4 allows the joint screws to be found

as:

SoC3C, + O3S,
—5253
—55C354 + C5Cy
—5253C4g — 5253h
—52039 — SQC3C4h — CQS4h
52538549
ref§y = { —CuS3, —C3, S3S1; —C3Csg — Csh,
Ssg + S3Csh, C3Ssg }7T
Tef$3:{ S4, 0, 04; 0, *34/1, 0 }T
refgy=1{0, —1, 0; —h, 0, 0}7F
refgs =10, 0, 1, 0, 0, 01T
ref$e ={ S5, —Cs, 0; 0, 0, 0}7F
Tef$7:{ —0556, —5556, Cﬁ; 0, 0, 0 }T

ref$1 —

where Cz‘j = COS(QZ' + 93) and SZ‘J’ = sin(@i + 9J) The
Jacobian for the manipulator is:

Tef.]:mf[ $1 %2 $3 S $5 6 $7 ] (1)

2. Velocity Degeneracies

From [3], the one-DOF loss velocity degeneracies,
along with their associated reciprocal screws, for the
spherical-revolute-spherical manipulator can be sum-
marized as:

(i) S4=0

refWy={0, 0, 1; 0, 0, 0}T
(i) S3=0&C3=0

refWy=1{0, 0, 1; 0, 0, 0}*
(i) S, =08& S5 =0

r8fW3 — { _5’5’ 05’ —C3C, f%:SlECF :
C5ha 55h7 0 }T
(iv) Cs5=0&86=0
refWy= { -85, C5, —CalaSazsiCa

Csh, Ssh, 0 %
Condition (i): Sy =0

Setting Sy = 0 and "¢/ W* = {0, 0, 0; 0, 0, 1} allows
to be defined as:

"l I, =1 %2 Wi 84 85 $¢ $7 ]

with the “redundant joints” being $; and $3. The
determinant of J7 , is:

J*

subq

|7/ 3% . | = —S5Ssh (g + Cyh) (2)

suby



Therefore, if either S3 = 0, S¢ = 0, or g + C4h = 0,
then the six “joints” comprising J7,, are degenerate.

Setting S3 = 0 in J}, (with Sy = 0) and equat-
ing TefWrecipll@B refg, = 0, for i = 2, 4 to 7 and
TefWTecipll ® "eFW* = 0 allows W ecip,, to be found
as:

Tefwrecipll :{ Oa 17 Oa 01 01 0 }T (3)

Setting the reciprocal products between Wecip, & $
and Wiecip, & 83 to zero yields:

Tefwrecipll ® 'ref$1
= —55C3 (g + C4h) — C9S4h =0 (4)

Tefwrecipll ® ref$3 =0

Since 54 and S3 are assumed to equal zero, if in addition
So = 0 or g+ Csh = 0, then WTeCipll is reciprocal
to joints $; to $7. Therefore, Sy = 0, S3 = 0, &
Sy =0and S3 =0, 54 =0, & g+ C4sh = 0 define
two 3-condition families of double-DOF loss velocity-
degenerate configurations.

Setting S¢ = 0 in J3,, (with S4 = 0) and equat-
ing "I W,ecip,, ® 7/$; = 0, for i = 2, 4 to 7 and
TefWTeciplz ® TefW{ = 0 allows Wreciplz to be found
as:

refW . . _ { =S5 C1C5S3h—C5C4S5g 0:
recipi, = Ao Soh{gtCuh) 0
057 557 0 }

()

Setting the reciprocal products between "¢/ W ecip, &
$; and TefWTeciplz & $3 to zero yields:

TefWreciplz ® 'ref$1 = 5204559 =0

(6)
TefW'reciplz ® 'ref$3 =0

Since 54 and Sg are assumed to equal zero, if in addition
Sy =0 or S5 =0, then Wreciplz is reciprocal to joints
$1 to $7. Therefore, Sy = 0,54 =0, & Sg = 0and Sy =
0, S5 =0, & Sg = 0 define two 3-condition families of
double-DOF loss velocity-degenerate configurations.

Setting g + C4h = 0 in J3,, (with Sy = 0) and
equating TefWTecipls ®"f$;, =0, fori =2,4to 7 and
TefWTecimSGB ’”efo = 0 allows Wiy, to be found
as:

TEfW’I’ECipla :{ Oa 17 Oa 01 01 0 }T (7)

Setting the reciprocal products between Wecip, & %,
and Wiecip,, & 83 to zero yields:

TefWTecimS €3 Tef$1 = —55C3 (g + C4h) =0 ( )
8
TefwreciplS ® 'ref$3 =0

Noting that Sy = 0 & g + C4h = 0, no further con-
ditions are necessary to make Wrecipl3 reciprocal to

joints $1 to $7. Therefore, Sy = 0 & g+ Cyh = 0 de-
fines a 2-condition family of double-DOF loss velocity-
degenerate configurations.

Repeating the procedure for degeneracy conditions
(ii) to (iv) allows identification of all sets of conditions
resulting in a two-DOF loss velocity-degeneracy for
the spherical-revolute-spherical manipulator.  These
velocity-degenerate configurations and their associated
reciprocal screws can be summarized as:

(I) 54:0&g+04h20

refWy, = {0, 0, 1; 0, 0, 0}7F

refWy, = {0, 1, 0; 0, 0, 0}7F
(II) Sy =0, S3=0, & Sy =

"efWo = {0, 0, 1; 0, 0, 0}7F

"Wy, = {0, 1, 0; 0, 0, 0}T
(IM) Sy =0, S4=0, & Sg =

refW3 = {0, 0, 1; 0, 0, 0}7T

IWa, = SR SSEEanTh O

Cs, S5, 0}

(IV) S;=0, S5=0, & S =0
refW,, = {0, 0, 1; 0, 0, 0}*
refw42 - { 07 %7 0;
Cs, 0, 0}7
(V) Sy=0, C3=0, C5=0, & S¢ =0
refWs = {0, 0, 1; 0, 0, 0}*
TefW52 = { —55, 0, 0; 0, S5h, 0 }T

Note that condition (I) is only possible if ¢ = h and
(94 = T.

3. Conclusions

Five two-DOF loss velocity-degenerate configura-
tions exist for the spherical-revolute-spherical manip-
ulator.  With the exception of condition (I), all of
the two-DOF loss degenerate configurations are based
solely on joint angles. Condition (I) requires that the
lengths of g and h must be the same and that the value
of 04 equals 7.
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